We study M-theory and D-brane quantum partition functions for microscopic black hole ensembles within the context of the AdS/CFT correspondence in terms of highest weight representations of infinite-dimensional Lie algebras, elliptic genera, and Hilbert schemes, and describe their relations to elliptic modular forms. The common feature in our examples lie in the modular properties of the characters of certain representations of the pertinent affine Lie algebras, and in the role of spectral functions of hyperbolic three-geometry associated with q-series in the calculation of elliptic genera. We present new calculations of supergravity elliptic genera on local Calabi-Yau threefolds in terms of BPS invariants and spectral functions, and also of equivariant D-brane elliptic genera on generic toric singularities. We use these examples to conjecture a link between the black hole partition functions and elliptic cohomology.
Introduction
In this paper we discuss applications of affine Lie algebra representations, elliptic genera and their generalizations, and Hilbert schemes to the computation of M-theory and Dbrane quantum partition functions for microscopic black hole ensembles, together with their connections to elliptic modular forms and spectral functions in the context of AdS/CFT holography. The main techniques we use involve the Grothendieck-Riemann-Roch theorem, characters of affine Lie algebras, and spectral functions of hyperbolic three-geometry. In particular, we make use of the characteristic classes of foliations of Lie group representations, which allow us to derive interesting new results and important old results in superconformal field theory.
Let us begin by explaining the general scheme. Suppose that g is the Lie algebra of a Lie group G. Let us consider the pair (H, G) of Lie groups, where H is a closed subgroup of G with normalizer subgroup N H ⊂ G. Then the pair (H, G) with the discrete quotient group N H /H corresponds to the inclusion g ֒→ W n , where W n is the Lie algebra of formal vector fields in n = dim G/H variables, while the homogeneous space G/H possesses a canonical g-structure ω 1 (see [24] for details). Combining this g-structure with the inclusion g ֒→ W n , one obtains a W n -structure on the quotient space G/G for any discrete subgroup G of the Lie group G; this is precisely the W n -structure which corresponds to the H-equivariant foliation of G by left cosets of G [24] . The homomorphism char ω : H
• (W n ) → H • (G/G, R) associated with characteristic classes of W n -structures decomposes into the composition of two homomorphisms H
• (W n ) → H • (g) and H • (g) → H
• (G/G, R); the first homomorphism is independent of G and is induced by the inclusion g ֒→ W n (see e.g. [16] ), while the second homomorphism is independent of H and corresponds to the canonical homomorphism which determines the characteristic classes of the canonical g-structure ω on G/G. If the group G is semisimple, then the Lie algebra g is unitary and G contains a discrete subgroup G for which G/G is compact; for appropriate choice of G the kernel of the homomorphism H
• (W n ) → H • (G/G, R) coincides with the kernel of the homomorphism
In our applications we shall consider a compact hyperbolic three-manifold G/G with G = SL(2, C). By combining the characteristic class representatives of field theory elliptic genera with the homomorphism char ω , one can compute the elliptic genera (and hence our quantum partition functions) in terms of the spectral functions of hyperbolic three-geometry. All of these structures arise quite naturally in string theory, and are particularly clear and tractable when supersymmetry is involved.
We shall now describe the specific contents of this paper, and their interrelationships with the general sheme described above. In the following we study examples of quantum black hole partition functions and show that all of them, although different in their nature, can be expressed in a generic way by means of spectral functions of hyperbolic three-geometry. This enables us to establish concrete modular properties of the partition functions even in instances that are not covered by AdS 3 /CF T 2 holography, and thus it naturally explains the modularity in these cases. Along the way a number of new calculations of elliptic genera are presented.
A central concept in this paper is that of the elliptic genus and its generalizations which we introduce in Sect. 2, together with some pertinent examples. We analyze its realisation as one-loop partition functions of superconformal sigma-models on symmetric product orbifolds, and survey various features of the orbifold resolutions by Hilbert schemes, particularly the way in which they yield natural geometric constructions of representations of affine Lie algebras.
In Sect. 3 we consider microscopic black hole partition functions in M-theory on a suitable 1 Following [6] , by a g-structure on a smooth manifold X we mean a smooth one-form ω on X with values in g which satisfies the Maurer-Cartan equation dω = − attractor geometry in the context of the AdS 3 /CF T 2 correspondence. We discuss its relationship to the minimal three-dimensional quantum gravity in a spacetime which is asymptotic to AdS 3 ; the symmetry group of AdS 3 gravity (with appropriate boundary conditions) is generated by the Virasoro algebra, and the one-loop partition function is indeed the partition function of a conformal field theory in two dimensions. We then derive in detail the supergravity elliptic genus on AdS 3 × S 2 × X in terms of the Ruelle-type spectral functions, with X a Calabi-Yau threefold; we explain how to rewrite these M-theory black hole partition functions geometrically in terms of BPS invariants and derive a spectral function formulation for it.
In Sect. 4 we analyze the black hole partition functions in the reduction to Type IIA string theory, and the realisation therein of the black hole components of chiral primary states of the minimal N = 4 superconformal algebra. The chiral primary fields of an N = 2 superconformal field theory form an algebra; the proof of this fact [42, 54] shares many common features with the Hodge theory of Kähler manifolds, and here the connection arises since the underlying D0-brane superconformal field theory is holographically dual to Type IIA string theory on AdS 2 × S 2 × X. We evaluate the generating function for chiral primary states in terms of the Ruelle-type spectral functions. The microscopic black hole entropy is then evaluated from various points of view including the one-loop partition function of a generalised sigma-model, the Hirzebruch χ y -genus, and the (2, 2) field theory elliptic genus. These results tie in to the M-theory analysis of Sect. 3 through the relationship between the equivariant genera of D-brane moduli spaces, which are given by Hilbert schemes, and the Gopakumar-Vafa expansion of topological string partition functions of some local CalabiYau geometries in terms of BPS invariants. In particular, we present new calculations of equivariant D-brane elliptic genera on generic toric singularities.
Finally, in Sect. 5 we briefly summarise our main conclusions from this analysis. Two appendices at the end of the paper are devoted to a brief definition and summary of the main features of the spectral functions of hyperbolic three-geometry, including their analytic properties, and their relations to the singularities of elliptic genera. From these facts, we conjecture an intimate connection between the black hole partition functions and elliptic cohomology.
2 Superconformal field theories, elliptic genera and symmetric products
Elliptic genera
Elliptic genera are the natural topological invariants of manifolds which generalize the classical genera. They appear, for example, when one considers the supersymmetric indices of superconformal vertex algebras. For mathematicians, elliptic genera are regarded as invariants for spaces in a generalized cohomology theory extending K-theory, called elliptic cohomology. For physicists, elliptic genera are the one-loop string partition functions which capture important refined information about the spectrum of supersymmetric states of the underlying superconformal field theory. Moreover, when they are applied to instanton moduli spaces of supersymmetric gauge theories in four dimensions, they also encompass as special cases the Vafa-Witten partition function [52] for N = 4 gauge theory and Nekrasov's partition function [47] for N = 2 gauge theory (see e.g. [18] for a collection of results). In this paper we will exploit elliptic genera in calculating quantum black hole partition functions.
In physics, a two-variable elliptic genus can be associated with any two-dimensional N = (2, 2) superconformal field theory [20, 56, 36] ; it is given by
where q and y are complex parameters, L 0 (resp. L 0 ) is the Virasoro generator of left (resp. right) movers, and J 0 is the U(1) charge operator of left moving modes. The trace is taken over the states in the Ramond-Ramond sector of the Hilbert space H of the superconformal field theory, and F = F L + F R with F L (resp. F R ) the fermion number of left (resp. right) movers. The elliptic genus is invariant under smooth variations of the parameters of the field theory and is useful for enumerating BPS states.
For a superconformal sigma-model having as target space a smooth compact complex manifold X of dimension d, the genus one partition function is defined as the trace over the Ramond-Ramond sector of the time evolution operator q
is an elliptic curve with complex structure modulus τ ∈ C + and the line bundle parametrized by z ∈ Jac(E) ∼ = E, then we set q := e 2π i τ ( i := √ −1 ) and y := e 2π i z . The field theory elliptic genus is then defined as [19] χ(X; q, y) = Tr
where H(X) is the Hilbert space of the N = 2 superconformal field theory with target space X.
The formula (2.2) has the form of a trace over an irreducible representation of the Virasoro algebra containing a vacuum state |0 of a certain weight k, with L 0 |0 = −k |0 , along with its Virasoro descendants L −n 1 · · · L −n l |0 . By the modular invariance of the path integral, the elliptic genus (2.2) is almost a modular form under the SL(2, Z) transformations of τ ∈ C + , and by the spectral flow it is almost an elliptic function under lattice translations of z ∈ C by Z + Z τ . Unitarity implies that the elliptic genus is a weak Jacobi form such that the contribution to the trace from momentum modes of the bosonised U(1) current can be separated into theta-functions which are the Jacobi forms of weight 1/2 on the subgroups of SL(2, Z).
The field theory elliptic genus (2.2) may be alternatively defined in terms of characteristic classes of X [36, 19, 12] . For any complex vector bundle V over X, we can define the invertible formal sums
where k V (resp. S k V ) denotes the k-th exterior (resp. symmetric) product of V . Introduce the invertible bundle
regarded as a formal power series in (q, y) with coefficients in the complex K-theory group K 0 (X). 2 It is straightforward to see that the K-theory operation Ell is multiplicative, in the sense that for any two complex vector bundles V and W on X one has Ell(V ⊕ W ; q, y) = Ell(V ; q, y) ⊗ Ell(W ; q, y) ,
The formal power series
is a holomorphic function on C + × C, called the elliptic genus of X. By the GrothendieckRiemann-Roch theorem, it can be computed in terms of characteristic classes as
where {x j } d j=1 are the Chern roots of the complex tangent bundle T X. For a Calabi-Yau manifold X of dimension d, the elliptic genus (2.7) is a weak Jacobi form of weight zero and index d/2 [36, 12] .
For q = 0 the elliptic genus (2.2) enumerates the BPS states with L 0 = L 0 = d/8; one has Ell(T X; 0, y) = y −d/2 −y (T X) and the elliptic genus reduces to the Hirzebruch χ ygenus [43] :
By the Grothendieck-Riemann-Roch theorem we have
For a Calabi-Yau manifold X of dimension d, the χ y -genus transforms as
for some r. This relation can be derived from the Serre duality
Points. Let X be a point. Then V is a finite-dimensional complex vector space, which we assume to be Z-graded. If Ell(V ; q, y) = k,l y k q l E kl (V ), then the bi-graded vector space Ell(V ) := k,l E kl (V ) has the structure of an N = 2 superconformal vertex algebra.
Hypersurfaces. Let X be a compact complex manifold of dimension d and let M ⊂ X be a smooth hypersurface. Denote by [M] the line bundle on X associated to the divisor M. The adjunction formula states that 
) and according to [44] ,
In terms of Chern roots, we finally obtain
Complete intersections. Suppose now that V → X is a holomorphic vector bundle on X of rank r. Let s : X → V be a holomorphic section transverse to the zero section such that the zero set Y := s −1 (0) is a complex submanifold of X, with N Y /X ∼ = V | Y . From the exact sequence 0 → T Y → T X| Y → N Y /X → 0 and the multiplicative property of Ell it follows that [44] Ell(T Y ; q, y) ⊗ Ell(V | Y ; q, y) = Ell(T X| Y ; q, y) = Ell(T X; q, y) Y , so that Ell(T Y ; q, y) = Ell(T X; q, y) ⊗ Ell(V ; q; y) −1 | Y and hence
By tensoring the Koszul complex [31] 0
with the bundle Ell(T X ⊖ V ; q, y), we get the exact sequence
Then by taking the Riemann-Roch character of this complex one gets [44] 
Denoting by {v k } r k=1 the Chern roots of V , we thus have
Note that the last products in the integrands of (2.11) and (2.15) are the same, as both have been calculated in terms of Chern roots of the tangent bundle T X; the first product in the integrand of (2.15) is given in terms of Chern roots of the vector bundle V → X. Setting q = 0 we get back a similar result to (2.13) with
Superconformal sigma-models on symmetric products
As shown in Ref. [19] , the elliptic genus of an N = 2 superconformal sigma-model on a symmetric product orbifold S n X equates to the partition function of a second quantized string theory on a space X with S 1 -action. 4 In string compactifications on manifolds of the form X × S 1 , one can consider the configuration of a D-string wound n times around S 1 , and bound to a Dp-brane where p = d + 1. The quantum mechanical degrees of freedom of this D-brane configuration are naturally encoded in a two-dimensional sigma-model on the n-th symmetric product of X, which describes the transverse fluctuations of the D-string; this construction is originally due to [53, 7, 51] .
Let us therefore consider a sigma-model on the n-th symmetric product S n X of a Kähler manifold X of dimension d, which is the orbispace
where S n is the symmetric group of order n acting by permuting factors. Objects of the category of the orbifold stack [X n /S n ] are the n-tuples (x 1 , . . . , x n ) of points in X; arrows are elements of the form (x 1 , . . . , x n ; σ), where σ ∈ S n . The arrow (x 1 , . . . , x n ; σ) has source (x 1 , . . . , x n ) and target (x σ(1) , . . . , x σ(n) ). This category is a groupoid: the inverse of (x 1 , . . . , x n ; σ) is (x σ(1) , . . . , x σ(n) ; σ −1 ). The genus one partition function depends on the boundary conditions imposed on the fermionic fields. For definiteness, following [19] we choose the boundary conditions such that the partition function χ(S n X; q, y) coincides with the elliptic genus defined as in (2.2).
Generating functions. The Hilbert space of an orbifold string theory can be decomposed into twisted sectors H γ which are labelled by the conjugacy classes {γ} of the orbifold group S n . For a given twisted sector one keeps only those states that are invariant under the centralizer subgroup G γ of the element γ; let H Gγ γ be an invariant subspace associated with G γ . One can parametrize the conjugacy classes [γ] by using a set of partitions {n j } s(γ) j=1 , s(γ) j=1 n j = n, where n j is the multiplicity of the cyclic permutation (j) of j elements in the decomposition of γ:
n j . For this conjugacy class the centralizer subgroup of a permutation γ is [19] 
where each subfactor S n j and Z j permutes the n j cycles (j) and acts within each cycle (j) respectively. The total orbifold Hilbert space H(S n X) takes the form [19] into a product over the subfactors (j) of n j -fold symmetric tensor products.
Let χ(−; q, y) be the generating function for any Hilbert (sub)space of a superconformal sigma-model; in [40] it is shown that the generating function for H(S n X) coincides with the elliptic genus of X. If χ H Z j (j) ; q, y admits the expansion χ H Z j (j) ; q, y = n≥0,l κ(j n, l) q n y l , then one has the product formula [36, 19] For q = 0 the elliptic genus reduces to the χ y -genus of S n X and by (2.8) the generating series (2.19) becomes For trivial line bundles y = 1, the elliptic genus of the symmetric product S n X degenerates to the Witten index of the supersymmetric field theory which is given by the Euler number χ(S n X; q, 1) = χ(S n X) [32, 52] . This identifies the elliptic genus with the character of the bosonic Fock module for the Heisenberg algebra, which is almost a modular form of weight −χ(X)/2, through the identity 21) whereη(τ ) is the Euler function which is related to the Dedekind function by η(τ ) := q 1/24η (τ ). A similar formula, associated to the (equivariant) orbifold Euler characteristic of the symmetric product, can be derived using the S n -equivariant K-theory of X n by means of the expression χ(S n X) = rank K 0 (S n X) − rank K 1 (S n X).
Hilbert schemes and representations of affine Lie algebras
The moduli space of zero-dimensional subschemes of length n in a nonsingular quasi-projective variety X over C is called the Hilbert scheme of n points on X, and is denoted by X [n] ; it parametrizes D0-branes in terms of ideal sheaves supported at points of X. A simple example of a zero-dimensional subscheme is a collection of distinct points; the length is equal to the number of points. When points collide, more complicated subschemes appear as these configurations appear in families: when two points collide, there are infinitely many nearby points, which form a pair consisting of a point x ∈ X and a one-dimensional subspace of the tangent space T x X. This marks the difference between X [n] and the n-th symmetric product S n X = [X n /S n ] in which the information about the one-dimensional subspace is absent.
When dim X = 1, the Hilbert scheme X [n] is isomorphic to S n X ∼ = X n under the HilbertChow morphism. For dim X = 2, the Hilbert-Chow morphism π : X
[n] → S n X gives a resolution of singularities of the symmetric product S n X [21] ; in particular, X
[n] is a nonsingular quasi-projective variety of dimension 2n. This is in contrast with Hilbert schemes for dim X > 2. For a projective variety X the scheme X
[n] is also projective, as follows from Grothendieck's construction of Hilbert schemes. Moreover, X
[n] has a holomorphic symplectic form whenever X has one [23, 2] .
Some interesting non-compact examples include X = C 2 and X = T * Σ, where Σ is a Riemann surface. For these complex surfaces there exists a C * -action on X which naturally induces an action on X
[n] [46] . On any smooth complex surface X one can construct a representation of products of Heisenberg and Clifford algebras on the direct sum of homology groups of all components n≥0 H • X
[n] , C ; thus, the generating function can be interpreted as a character of the Heisenberg algebra. In particular, when X is a Kähler manifold, the space n≥0 H
• X
[n] , C forms a representation of the Heisenberg algebra generated by geometrically defined sigma-model creation and annihilation operators α a n , where a labels a basis of the cohomology H
• (X, C).
The relations between S n X and X [n] bear many similarities to the relations between string theory and field theory. For example, the Montonen-Olive S-duality conjecture implies that the generating function for the Euler numbers of moduli spaces of instantons in four dimensions should have modular properties. For X a K3 surface, the Euler numbers of the moduli spaces of instantons are the same as those of Hilbert schemes of points on X. Strictly speaking, one should consider moduli spaces of stable sheaves instead of moduli spaces of instantons which are usually non-compact, and this point of view will be taken in what follows. Then Göttsche's formula (2.22) below gives the desired answer. Moreover, the homology groups of moduli spaces of instantons on an ALE space, i.e. the minimal resolution of a simple Kleinian singularity, form an integrable representation of a Kac-Moody algebra [46] . The modular properties of the characters of the representation (equivalently string partition functions) can be described within the framework of conformal field theory. Heisenberg algebras and other affine Lie algebras could perhaps be understood in this way within the framework of heterotic/Type IIA duality.
Göttsche's formula. When X is an algebraic surface, the formula (2.21) also computes the topological Euler characteristic of the Hilbert scheme X
[n] [29] , while (2.19) computes the elliptic genus of X
[n] [13] . More generally, the generating function of the Poincaré
is given by the product formula
where
When X is a smooth quasi-projective Calabi-Yau threefold, the Hilbert scheme X [n] is generally not smooth and has a complicated subscheme structure with branches of varying dimension. Nevertheless, in this case it is still possible to define virtual cycles and a virtual Euler characteristic χ vir X [n] , which computes the degree zero Donaldson-Thomas invariants of X, enumerating D0-branes parametrized by ideal sheaves supported at points of X. Then there is an analog of Göttsche's formula which reads as [3] 
where M(τ ) is the MacMahon function which can be represented as a certain vacuum correlation function of vertex operators for the Heisenberg algebra. More generally, the generating function for the virtual version of the Poincaré polynomials P vir t
is the analog of (2.22) given by [4] :
3 M-theory partition functions and (4,0) elliptic genera
Black hole partition functions in the M-theory frame
If X is a nonsingular compact Calabi-Yau threefold, then four-dimensional BPS black holes in M-theory compactifications on X × S 1 can be represented microscopically by wrapping an M5-brane with fluxes and Kaluza-Klein momentum on M × S 1 , where M is a divisor in X. The dimensionally reduced M5-brane worldvolume theory is dual to the Ramond sector of a (4, 0) superconformal field theory [45] ; the Neveu-Schwarz sector of this conformal field theory is holographically dual to 11-dimensional supergravity (and the five-dimensional black ring [5] ) on the attractor geometry AdS 3 × S 2 × X. The black hole microstates are represented by the supersymmetric ground states of this (4, 0) CF T 2 which are counted by an appropriately defined elliptic genus describing the BPS gravitational configurations inside AdS 3 .
The black holes in question can be viewed as excitations of black strings, whose near-horizon geometry is a three-dimensional anti-de Sitter space AdS 3 . The Euclidean thermal AdS 3 has a conformal elliptic curve E as its boundary whose complex structure modulus is τ .
The partition function of the dual boundary conformal field theory CF T 2 depends on τ . The black hole partition functions are then expected to possess a modular symmetry which is identified with the mapping class group SL(2, Z) of the boundary elliptic curve; after a choice of line bundle on E, they are also expected to possess an elliptic symmetry which is identified with large gauge transformations of the three-form field H that leads to a spectral flow symmetry of the partition function for the black string.
Consider the two-dimensional (4, 0) superconformal field theory on the boundary E of AdS 3 which describes M5-branes wrapping compact four-cycles in X [45]; we consider E to be a product of two circles S 1 × S 1 m . We are interested in charge configurations consisting of M5-M2 brane bound states which carry momentum q 0 along S 
where Σ a is a basis for H 2 (X, Z). 5 Via the pullback of the embedding M ⊂ X this induces a basis for H 2 (M, Z) which for simplicity we also denote by Σ a . Then the M2-brane charges q a are given by expanding C = q a C a where C a are dual two-cycles to Σ a in the lattice Γ := H 2 (M, Z). They correspond to the numbers of left-moving excitations of total momentum q 0 on the M5-brane. In the basis Σ a the triple intersection form of X is
while the intersection matrix of M is given by
We denote the inverse matrices to 
The Euler characteristic of the divisor M is also computed by the Riemann-Roch theorem as
which coincides with the central charge c L of the conformal field theory, i.e. the number of left-moving chiral bosons in the M-theory frame.
The black hole partition function in the canonical ensemble is defined by
5 In this paper all integer cohomology groups are understood modulo their torsion subgroups.
where the quantum degeneracy d(q, p) of black holes is the Witten index
computed in the Ramond sector of the Hilbert space H q,p (X) of the underlying (4, 0) superconformal field theory with target space X. Here φ 0 and φ a are the respective chemical potentials conjugate to the M-momentum and membrane charges. Being an index, it receives only contributions from BPS states and is independent of the background moduli. Once the black hole partition function is known, the index of BPS states may be recovered from a suitable attractor contour integral prescription:
and the leading semi-classical approximation e S(q,p) yields the Bekenstein-Hawking-Wald entropy S(q, p). For the partition functions we compute in the following, the singularity and pole structures required to evaluate such contour integrals are described in Appendix B.
Later on we shall also consider black hole entropy counting on certain classes of local CalabiYau backgrounds X. Such non-compact Calabi-Yau manifolds can sometimes be thought of as decompactification limits of compact Calabi-Yau threefolds in neighbourhoods of collapsing cycles. In this limit, gravity decouples so one needs to be careful about what is meant by a "black hole" partition function. In the following, it will always mean that the branes which microscopically realise the BPS black hole wrap a non-compact cycle in the limit with nonzero entropy -a BPS "black hole" is thus a BPS particle with large entropy. On non-compact Calabi-Yau manifolds X, a natural refinement of the quantum black hole degeneracies (3.6) can be defined by replacing the Witten index with a protected spin character that depends on an extra parameter y which gives a chemical potential conjugate to the angular momentum of states carrying the SU(2) R-symmetry that appears in the gravity decoupling limit [1] . The protected spin character is a supersymmetric index in M-theory, hence it also receives contributions only from BPS black holes, and it is defined by
where J 3 is the generator of the Spin(3) rotation group and J 0 is the left-moving U(1) R-charge operator of the four-dimensional BPS states. This refined index counts spinning M2-branes wrapping holomorphic curves C in X, and the refined black hole partition function is a two-variable generalization of (3.5) defined by
3.2 Quantum gravity and spectral partition functions on AdS 3
In the light of the AdS 3 /CF T 2 correspondence, we expect a duality between spectral zetafunctions of Euclidean AdS 3 and elliptic modular forms. In particular, we consider spectral functions of hyperbolic three-geometry whose arguments take values on the elliptic curve E, which is the conformal boundary of AdS 3 , and are related to the congruence subgroup of the modular group SL(2, Z) which fixes one of the spin structures on E; they are connected to various modular-like forms (in particular Poincaré series) and thereby provide a spacetime perspective on the link between quantum gravity partition functions and characters of conformal field theory. The simplest example is provided by the Fock module characterη(τ ) from Sect. 2.2 which can be expressed in terms of Selberg-type spectral Ruelle functions (see
where ̺(τ ) = Re τ /Im τ . These spectral functions carry information about the holographically dual three-dimensional field theory, as their zeroes coincide with the scattering resonance poles of the Laplace operator on the hyperbolic three-manifold.
In the following, we will describe the roles of modular forms and spectral functions in black hole entropy counting. We will see that our black hole partition functions, in the guise of elliptic genera that compute one-loop supergravity partition functions, can be expressed in terms of spectral functions that provide spectral flow and a kind of modular invariance. Of particular relevance is the fact that the field theory elliptic genus (2.7) can be written in terms of the spectral Ruelle function R(s) as
where q = e 2π i τ , y = e 2π i z and s = 2π i τ s. Proceeding in this way, we shall find that our elliptic genera can be reproduced in terms of Selberg-type spectral functions of the asymptotic AdS 3 geometry, and thereby inherit the modular properties of the characters of highest-weight representations of the affine Lie algebras which underlie the holographically dual conformal field theories.
The role of elliptic modular forms and spectral functions of hyperbolic geometry can also be seen directly at the level of quantum corrections to gravity on AdS 3 . One-loop corrections to three-dimensional gravity in locally anti-de Sitter spacetimes are qualitatively similar to black hole quantum corrections. The simple geometric structure of three-dimensional gravity allows exact computations, since its Euclidean counterpart is locally isometric to a constant curvature hyperbolic space H 3 . Then the quantum corrections to the gravity partition function on AdS 3 can be rewritten in terms of spectral Ruelle functions as [10, 11, 15] 
In the physics literature it is usually assumed that the fundamental domain for the action of a discrete isometry group G γ on three-dimensional hyperbolic spacetimes has finite volume. In contrast, a three-dimensional black hole has a Euclidean quotient representation H 3 /G γ for appropriate G γ , where the fundamental domain has infinite hyperbolic volume; for the non-rotating black hole one can choose G γ to be the abelian group generated by a single hyperbolic element [50] . For the discrete groups of isometries of three-dimensional hyperbolic space with fundamental domain of infinite volume (e.g. for Kleinian groups, but excluding fundamental domains with cusps), Selberg-type functions and trace formulas are considered in [50] . In an infinite-volume setting the situation is complicated by the continuous spectrum of the Laplacian, and the absence of a canonical renormalization of the scattering operator for the associated Schrödinger equation which is required to render it trace-class. However, for a three-dimensional black hole one can bypass much of the general theory and proceed more directly, by defining a Selberg zeta-function attached to H 3 /G γ and establishing a trace formula which is a version of the Poisson resummation formula for resonances. In fact, there is a special relation between the spectrum and the truncated heat kernel of the Euclidean black hole with the Patterson-Selberg spectral function [14] .
Supergravity boson-fermion correspondence
Let us consider in more detail the Neveu-Schwarz sector of the (4, 0) superconformal field theory on the AdS 3 boundary of the M-theory compactification on AdS 3 × S 2 × X. We shall compute the contribution to the elliptic genus of the (4, 0) CF T 2 from supergravity states; they can be obtained, for example, from the fluctuation spectrum of 11-dimensional supergravity compactified on AdS 3 ×S 2 ×X. Later on we shall incorporate the contributions from wrapped M2-branes and M5-branes with fluxes and momentum on cycles in AdS 3 ×S 2 × X. We shall make explicit reference to the two left and right chiralities of the CF T 2 , with the convention that they correspond respectively to the holomorphic and anti-holomorphic sectors. In addition to the underlying Virasoro algebras, we pay close attention to the U(1) and R-symmetry current algebras.
To define the elliptic genus, we introduce chemical potentials conjugate to the charges q a , q a as before; the R-charge is q 0 . Up to a spectral flow, supergravity states carry vanishing charges q a = 0; these charges are instead carried by wrapped M2-branes, which we consider below. Hence the contribution to the polar part of the elliptic genus from such supergravity states has the schematic form χ sugra (q) = n C(n) q n with n = q 0 and q = e −φ 0 =: e 2π i τ , and in order to extract the quantum degeneracies C(n) we have to compute the genus contribution χ sugra (q).
We work in the dilute gas expansion in which the contributions to the elliptic genus are dominated by multi-particle chiral primary states of massless supergravity modes of M-theory compactified on X, i.e. supersymmetric ground states of BPS hypermultiplets on AdS 3 × S 2 . Their spectrum on AdS 3 × S 2 organises into short representations of SL(2, R) × SU(1, 1|2). Consider the finite-dimensional subalgebra of the minimal N = 4 superconformal algebra in the Neveu-Schwarz sector spanned by the operators
. Then a state |ψ is said to be a chiral primary if G The Neveu-Schwarz sector elliptic genus is related to that of the Ramond sector by spectral flow [39] ; the contribution from supergravity states can be written as
The elliptic genus receives contributions from right-moving chiral primary states obeying h = 1 2 q 0 [39] , where h is the eigenvalue of Virasoro operator L 0 .
Consider the single particle spectrum, and suppose that it starts at a conformal weight h min = h min + s for some s. 6 For the bosonic contributions we compute 14) where m labels the number of particles, p labels the actions of the operators (L −
In the case of five-dimensional supergravity obtained by compactifying M-theory on the Calabi-Yau threefold X, the five-dimensional massless spectrum can be described in the N = 2 superfield formalism in terms of the numbers of vector multiplets n V = h 1,1 (X) − 1, hypermultiplets n H = 2(h 2,1 (X)+1), and gravitino multiplets n S , in addition to the graviton multiplet; the Hodge numbers h j,k (X) in this context are the numbers of generators of degree (j, k) [8] . From Eqs. (3.10), (3.12) and (3.15) we then find the supergravity elliptic genus to be 16) where the number N(n V , n H , n S ) depends on the multiplets and χ(X) = 2(h 1,1 (X)−h 2,1 (X)) is the Euler number of the Calabi-Yau manifold X.
Supergravity elliptic genus on AdS
We shall now compute the full supergravity elliptic genus from M-theory following Ref. [26] . In the Neveu-Schwarz sector it is given by
In this formula we have dropped a factor q −c L /24 which corresponds to the ground state energy of AdS 3 , and the L 0 contributions entering here are due entirely to wrapped membranes. There are two kinds of contributions: one from wrapped membranes and one from supergravity modes. For M2-branes wrapping a holomorphic curve C in X, the total spin of highest weight states arising from a hypermultiplet in the representation (j L , j R ) of the five-dimensional little group
, where −j L,R ≤ m L,R ≤ j L,R and ℓ ≥ 0 is the orbital angular momentum on S 2 ; the range of j L is determined by the genus of C, while j R is related to the weight of the Lefschetz action on the deformation moduli space of C, and q a p a is the contribution from the quantization of the self-dual three-form field.
Let us first consider the contribution of membranes wrapping an isolated rational genus zero curve with fixed charges (q a ) ∈ Γ * := Γ \ {0} and degeneracy N (qa) . In this case there is no internal (j L , j R ) angular momentum contribution, and we have
qa p a e qa φ a n N (qa) .
For higher genus curves C and general angular momenta (j L , j R ) we have
where the quantum degeneracies N (qa),j L ,j R of the spinning M2-branes are related to the Gopakumar-Vafa BPS invariants of X, as we discuss in more detail below. Finally, the net contribution from massless neutral supergravity modes including singletons is given [26] bŷ η(τ ) M(τ ) χ(X) , analogously to (3.16) . By the Göttsche product formulas from Sect. 2.3, this shows that these modes are essentially parametrized by the punctual Hilbert schemes X [n] and are hence enumerated by the degree zero Donaldson-Thomas invariants of X.
The Legendre transform of our original black hole partition function (3.5) is computed by the elliptic genus of the (4, 0) superconformal field theory which is given as a Ramond sector trace
Collecting all contributions together, in the dilute gas expansion around Im τ → ∞ one gets
and hence
Using Eq. (A.9) from Appendix A we find the spectral function representation
where φ a := φ a /2π i τ .
Spectral partition functions for BPS invariants
We shall now explain how to rewrite our M-theory black hole partition functions geometrically in terms of BPS invariants for some local Calabi-Yau geometries X, and derive a spectral function formulation for it. This can be done by using the Gopakumar-Vafa conjecture [28] which rewrites the topological string partition function of X as a sum over BPS configurations of M2-branes wrapping holomorphic curves C in X and the M-circle. In contrast to the Gromov-Witten invariants of X which are in general rational numbers, the generating series in M-theory of these invariants in all non-zero degrees and all genera has a particular form determined by certain integer invariants. There have been various proposals for the proof of this conjecture (see e.g. [35, 34, 43] ); for irreducible curve classes C the GopakumarVafa invariants coincide with the Pandharipande-Thomas stable pair invariants [49] which enumerate D2-branes parametrized by stable sheaves supported on C.
Let F top X (τ, Q) be the generating series of Gromov-Witten invariants of a Calabi-Yau threefold X. It counts the number of stable maps of connected domain curves to X in any given non-zero two-homology class; because of the existence of automorphisms, one has to perform a weighted count by dividing by the orders of the automorphism groups, and hence GromovWitten invariants are in general rational numbers. The Gopakumar-Vafa conjecture asserts particular integrality properties of F top X (τ, Q), and in particular the existence of integers n g (qa) = n g (qa) (X), which enumerate BPS states of wrapped membranes in X such that
where for a given curve class C labelled by (q a ) ∈ Γ * = H 2 (X, Z) \ {0} there are only finitely many non-zero n g (qa) ∈ Z in genera g ≥ 0. Here φ a := C a ω are the Kähler parameters of X. Let us regard q as an element of SU(2) represented by the diagonal matrix diag(q, q −1 ); then the sine functions in (3.21) can be interpreted as characters of SU(2) representations and we define integers N g (qa) such that
which is understood as a change of integral basis in the representation ring of SU(2). Analogously to [43] , we then have
In calculating the last line in Eq. (3.22) we can use the Ruelle function R(s) from Appendix A and the identity
for ε ∈ C. The generating series of disconnected Gromov-Witten invariants is given by the topological string partition function
). Setting j = g/2 and N (qa),j := N g (qa) , the Gopakumar-Vafa conjecture can be reformulated as the infinite product formula (see also [33] )
This formula reveals the geometric meaning of the membrane contributions to the black hole partition function (3.19) .
Resummation of the (4,0) elliptic genus. We can turn this last calculation around to rewrite the expression (3.19) for the black hole partition function in the form of spectral functions, and rearrange it into a more geometric expansion in terms of BPS invariants rather than the multiplicities N (qa),j L ,j R of irreducible representations. Dropping the ground state, neutral supergravity mode, and anti-membrane contributions to the free energy F X (τ, φ) = − log Z X (τ, φ) in Eq. (3.19), we have
The Gopakumar-Vafa invariants n r (q a ) ∈ Z which count M2-branes wrapping genus r curves with charges q a are defined in terms of the quantum degeneracies N (qa),j L ,j R via [28, 26] 
Hence BPS invariants of X can be obtained by keeping only the contributions from states with j L = 0, and comparing Eqs. (3.24) and (3.25) we obtain
4 D-brane partition functions and (2,2) elliptic genera
Black hole partition functions in the Type IIA frame
We shall now explain how to compute the contributions to the microscopic black hole entropy in the setting of Sect. 3 by enumerating BPS bound states of D-branes inside the compact Calabi-Yau threefold X. The same techniques are then employed for the computation of the supergravity elliptic genus in the generalization of these considerations to BPS black holes in N = 2 compactifications on more general Calabi-Yau manifolds X. One particularly noteworthy feature of this formalism will be the natural appearance of integrable highest weight representations of affine Lie algebras on the homology of the D-brane moduli spaces, as anticipated from the AdS 3 /CF T 2 correspondence. The characters of these modules compute the holomorphic parts of the torus partition functions in the corresponding two-dimensional superconformal field theory and are identified with black hole partition functions as before.
Since the M5-brane wraps the circle S to be the M-circle and regard the M5-M2 system from Sect. 3 as an M-theory lift of a system of bound D4-D2-D0 states wrapping the divisor M in Type IIA string theory compactified on the Calabi-Yau manifold X. These supersymmetric ground states can be regarded as excitations in the worldvolume theory on the D4-brane. Below we will demonstrate how they may be regarded as multiparticle chiral primary states in AdS 3 . In the large volume limit, this theory is the U(1) Vafa-Witten topologically twisted N = 4 gauge theory [52] on M. D0-branes are then identified as instantons in this gauge theory which correspond to massless supergravity modes, where the Kaluza-Klein momentum on S 1 m is the instanton number
while the U(1) fluxes on the D4-brane carried by D2-branes correspond to M2-branes wrapping holomorphic curves on its worldvolume in X so that the membrane charges in the M-theory lift are magnetic monopole numbers
By self-duality one has q a = 0 for all a > b + 2 (M). In this setting, the Hilbert space of BPS states H q,p (X) is the cohomology ring of the moduli space M n,u (M) of U(1) instantons on M with second Chern class n and first Chern class u, and the degeneracy of bound states
equals the Euler character of the instanton moduli space. The black hole partition function (3.5) is then the generating function for these Euler numbers given by
where as before we set q = e −φ 0 = e 2π i τ and we define w a = e −C ab φ b =: e 2π i za . The smooth Gieseker compactification of the instanton moduli space 7 admits a factorization [17] 
where the punctual Hilbert scheme M [n−nu] from Sect. 2.3 parametrizing D0-branes on M is a smooth complex manifold of dimension 2(n−n u ), and Pic nu (M) is the Picard lattice which parametrizes D2-branes corresponding to holomorphic line bundles on M of first Chern class u. The charge n u = 1 2
u a c 1 (M) a is the curvature induced D0-brane charge on the D4-brane. The sum over instanton numbers can be performed explicitly by using Göttsche's formula from Sect. 2.3, and in this way the black hole partition function (4.1) is computed to be [22, 30, 17] 
is a Riemann theta-function on the magnetic M2/D2-brane charge lattice Γ = H 2 (M, Z).
The refined black hole partition function (3.9) can be computed in the Type IIA frame by considering the gauge theory on the full five-dimensional D4-brane worldvolume M × S . Then the refinement parameter is identified as y = e −β =: e 2π i ρ , where β is the radius of the Euclidean temporal circle S 1 m that is also used to associate a Hilbert space H q,p (X) with M × S 1 m , which is additionally graded by angular momentum and R-charge. The refined black hole partition function is now computed from an index in a supersymmetric quantum mechanics on the instanton moduli space M n,u (M), which includes a product over all Kaluza-Klein modes of the fluctuations around the D4-D2-D0 bound states. In this case the protected spin character
equals the Hirzebruch χ y -genus of the instanton moduli space [1] . Recall from Sect. 2.1 that it is given by a sum of the form (2.8) over components of the BPS Hilbert space, where the degrees (j, k) are related to the spin and R-charge by (J 3 , J 0 ) = 1 2
(j + k, j −k). In particular, for y = 0 it computes the geometric genus
, which gives the degeneracy of BPS states with equal spin and R-charge, while for y = 1 we recover the Witten index χ 1 M n,u (M) = χ M n,u (M) . It can be computed in general in terms of characteristic classes via Eq. (2.10) with X = M n,u (M) and d = 2(n − n u ). The refined black hole partition function (3.9) is then given by the generating function
From the perspective of the five-dimensional supersymmetric gauge theory on the D4-brane, the counting parameter q = β 2 Λ 2 is determined by the dynamical scale Λ of the fourdimensional gauge theory which arises in the dimensional reduction β = 0. The sum over instanton numbers can again be performed explicitly by using results from Sect. 2.3 and Eq. (2.20) to get
Black hole components of chiral primary states
We can alternatively consider the D4-D2-D0 states above from the perspective of the D0-branes. This point of view can be used to study the black hole components of chiral primary fields of an N = 2 superconformal field theory in string theory compactified on the CalabiYau threefold X; recall that chiral primary fields form an algebra [42, 54] . D0-branes in the AdS 2 × S 2 × X attractor geometry of an extremal Calabi-Yau black hole with D4-brane charges p a are described by a superconformal quantum mechanics [25] . This superconformal theory contains a large degeneracy of chiral primary bound states. The degeneracy arises from D0-branes in the lowest Landau level which tile the S 2 × X horizon, and such a multi-D0-brane conformal field theory CF T 1 is holographically dual to Type IIA string theory on AdS 2 × S 2 × X. Of course, from the perspective of AdS 2 /CF T 1 holography there is no a priori reason why the black hole degeneracy should exhibit any form of modularity. On the other hand, modular properties are anticipated by the (conjectural) S-duality of the D4-brane gauge theory [52] . Moreover, one expects that BPS states of D-branes on Calabi-Yau manifolds have an algebraic structure akin to generalised Kac-Moody algebras, generalising the geometric construction of highest modules of affine Lie algebras that we discussed in Sect. 2.3. Our rewriting below of the D-brane quantum partition functions in terms of spectral Ruelle functions makes this modularity and algebraic structure manifest.
We consider the case when a D2-brane wraps the horizon S 2 and carries N units of magnetic flux, corresponding to N units of D0-brane charge. The D2-brane can be considered as a point particle in X with a two-form magnetic field c 1 ([M]) = p a Σ a . The magnetic field divides the Calabi-Yau threefold X into D cells corresponding to the lowest Landau levels; in this setting the natural counting function is the elliptic genus determined by Eq. (2.11) with
From our discussion of the modularity properties of the field theory elliptic genus from Sect. 2.1, this exhibits the D-brane partition functions as weak Jacobi forms. However, here we shall instead proceed in a more direct way.
The chiral primary conditions can be written as ∇ω = ∇ * ω = 0, where ω is a (j, k)-form on X, and ∇ is a holomorphic covariant derivative with connection that generates the magnetic field. Solutions of this equation are in one-to-one correspondence with the elements of
. By the Serre vanishing theorem, the cohomology group
The upshot is that we need compute the cohomology
for the moduli space of a D2-brane on X, and the black hole entropy counting can be reduced to a cohomology problem as before. In some cases one can compute the dimension of
can be obtained by using the Riemann-Roch formula to get (see also [45, 25] )
We now have to count the multiparticle primaries, by first choosing a basis of states. As in Sect. 2.2, we can partition the D0-branes into k clusters, with the l-th cluster containing n l D0-branes where k l=1 n l = N. Each cluster forms a wrapped D2-brane with n l units of magnetic flux (we ignore the possibility of multiply wrapped D2-brane bound states). Then each of the k wrapped D2-branes can sit in one of the b 0 + b 1 + b 2 + b 3 chiral primary states. The counting of configurations is in fact in one-to-one correspondence with the counting of states for a conformal field theory with b 0 +b 2 bosons and b 1 +b 3 fermions of total momentum n = n l . The partition function of the appropriate conformal field theory can be calculated by taking the trace over chiral primary states, with the result
Microscopic black hole entropy
We will now show that (4.3) is in perfect agreement with the microscopic M5-brane computation of the black hole entropy in the two-dimensional (4, 0) superconformal field theory derived by [45] ; it also agrees with the macroscopic supergravity result [22] . The macroscopic entropy of these black holes should coincide with the asymptotic growth of the degeneracy by the Boltzmann relation
for q, p ≫ 1. On the other hand, the asymptotic growth of the microscopic degeneracy evaluated via the Cardy formula gives the black hole entropy S(q, p) = 2π 1 6 c Lq0 , (4.13) whereq 0 is the momentum remaining of the total M-momentum q 0 to freely distribute in the M-theory frame; one can in fact improve the Cardy formula (4.13) by including a degeneracy prefactor [15] . In the present case one finds [22] S(q, p) = 2π
for q, p ≫ 1, where the first term under the square root is 1 6 c L = 1 6 χ(M) while the second term is the numberq 0 of D0-branes coming from the expansion ofη(τ ) −χ(M ) which gives the contributions from massless neutral supergravity modes.
Representations of Heisenberg algebras
The expression (4.3) is also the partition function of a chiral two-dimensional conformal field theory of N = χ(M) free bosons with N + = b + 2 (M) degrees of freedom on the charge lattice Γ = H 2 (M, Z). We elucidate this observation by calculating the black hole partition function from a sigma-model based on a generalized chiral algebra [9] . Consider the Heisenberg Lie algebra h(Γ) based on the lattice Γ with the intersection form C ab . It has generators α a n , n ∈ Z, a = 1, . . . , N + which satisfy the commutation relations α a n , α
Let F (Γ) be the irreducible Fock space representation of h(Γ); by Sect. 2.3 it can be identified geometrically with the cohomology ring of the instanton moduli space n,u H • M n,u (M), C . Define a sigma-model whose target space is the degree two L 2 -cohomology of M modulo integral elements, so that the momentum lattice is Γ, and whose Hamiltonian is given by
Then the black hole partition function (4.3) can be reproduced from the one-loop partition function of the sigma-model In the M-theory frame, the extra free boson partition functionη(τ ) arises from the remaining part of the reduced self-dual three-form field. The generalized chiral algebra is thus associated with the sum of Heisenberg algebras h ⊕ h(Γ).
Toric Calabi-Yau black holes
The D-brane partition function (4.3) is derived in [22, 30, 17] for a large class of noncompact toric manifolds M, regarded as divisors in the total space of the canonical line bundle X = K M . The non-compact D-brane worldvolumes in question are the HirzebruchJung spaces, which are toric minimal resolutions of (k, l) quotient singularities C 2 /C k,l with the cyclic group C k,l ∼ = Z k parametrized by a pair of coprime integers (k, l) with k > l > 0. The intersection matrix C ab in this case is parametrized by a finite sequence {e i } ℓ i=1 of integers e i ≥ 2, which appear in the continued fraction expansion k l = [e 1 , . . . , e ℓ ] := e 1 − 1
We will refer to C as a generalized Cartan matrix. The topological data of M are then 
In particular, k ℓ = k and l ℓ = l. They satisfy the recursion relations
Let (ε 1 , ε 2 ) be infinitesimal parameters of the abelian subgroup
The action of this torus on the singular variety C 2 /C k,l lifts to a torus action on the resolved variety whose weights ε
2 ) on each of the ℓ + 1 torus-invariant patches U i ∼ = C 2 of M are given by [9] 
for i = 0, 1, . . . , ℓ. The T -action further lifts to a torus action on the D-brane moduli spaces (4.2). In the following we will mostly work in the antidiagonal limit ε 1 = −ε 2 =: of this toric action; in this case the holomorphic two-form of C 2 is preserved by the T -action.
The black hole partition function (4.3) in this instance now follows from a localization calculation of the equivariant Euler character χ T (M n,u (M)) of the moduli space of BPS configurations in the sector labelled by (n, u); equivariant localization is used here to properly define characters of the non-compact instanton moduli space (4.2), and it is understood as a calculation in the Ω-deformation of the underlying supersymmetric gauge theory wherein the gauge symmetry is coupled to the abelian isometries generated by T . Localization on the D-brane moduli space (4.2) computes the partition function (4.1) as a sum over the isolated T -fixed points of the Hilbert scheme M [n] , which decompose into contributions from each toric open set U i ∼ = C 2 . Thus the equivariant version of (4.1) can be computed from the blow-up formula [27, Cor. 5.12 ]
(4.17)
The T -fixed points of M [n] over U i ∼ = C 2 are parametrized by Young diagrams Y with |Y | = n boxes [46] . The classes which enter in the denominator of the localization formula in this case cancel against the equivariant Euler characteristic classes at each fixed point. Hence the contributions from each patch U i are independent of the equivariant parameters and coincide with the generating function for Young diagrams given by Euler's formula
independently of (ε 1 , ε 2 ), and the result (4.3) follows.
In the following we will extend this reasoning to the computation of quantum black hole degeneracies which are given by Fourier coefficients of elliptic genera of the D-brane moduli spaces. Working in an equivariant setting has the advantage that the computation of the equivariant elliptic genera for symmetric products, and hence for the D-brane moduli spaces, can be naturally reduced to infinite product expansions which may be compared with those from Sect. 3. Let us illustrate this procedure explicitly for the equivariant version of the refined black hole partition function (4.8) which is derived by applying the localization theorem in T -equivariant cohomology to the integral (2.10) over the D-brane moduli space X = M n,u (M); it generally depends on the equivariant parameters (ε 1 , ε 2 ) and is given by suitable blow-up formulas analogous to (4.17). The building block for the blow-up formulas is the partition function on M = C 2 . By the localization theorem, we obtain the result [27, 33, 43] 
and t 2 = e −ε 2 , while ℓ( ) and a( ) are respectively the leg and arm lengths of the box of the Young diagram Y . For y = 1 (ρ = 0), this agrees with the expected result (4.18). In the general case, we can sum the series (4.19) explicitly by using standard calculations on symmetric product orbifolds.
Complex plane. The Hilbert-Chow morphism π : M
[n] → S n M realises the Hilbert scheme M
[n] of M = C 2 as a semi-small smooth resolution of the n-th symmetric product S n M; the torus T acts diagonally on S n M. This identifies the equivariant χ y -genera [43] 20) where the χ y -genus on the right-hand side is the equivariant orbifold χ y -genus defined in [43, Sect. 3] . The localization formula applied to (2.10) with X = C 2 yields
and therefore [43, Sect. 5.2]
where ξ
Hence in the antidiagonal limit t 1 = t −1 2 = t = e − , the blowup formula (4.17) yields
This matches Eq. (4.8) in the non-equivariant limit t = 1 upon dropping the products over m 1 , m 2 in (4.21). Note that in this case, since the geometry is toric, only the Hodge numbers h j,j (M) for j = 0, 1, 2 are non-vanishing; in particular, all BPS D4-D2-D0 states have vanishing R-charge J 0 = 0.
Line bundles on P 1 . Let M be the total space of the holomorphic line bundle O P 1 (−k) → P 1 . In this case l = 1, ℓ = 1 and C = e 1 = k, so that the black hole partition function becomes 23) where ϑ 3 (τ, z) is the Jacobi elliptic function
The spectral function representation is given by combining (3.10) with 25) where ̺(τ ) = π (̺(τ ) + i ). The tangent weights are given by
2 = ε 2 − ε 1 and ε
and the refined black hole partition function is 26) where t = t −1 ; its spectral function representation follows from (4.21) and (4.25).
ALE spaces. The minimal toric Calabi-Yau resolution of C 2 /Z k is the ALE space of type A k−1 . In this case l = k − 1, ℓ = k and e i = 2 for all i = 1, . . . , k, so that the intersection matrix coincides with minus the Cartan matrix of the A k−1 Dynkin diagram. The black hole partition function Z A k−1 (τ, z) is then the character of the two-dimensional conformal field theory based on the affine Lie algebra h ⊕ sl(k) 1 [52] ; the level one Kac-Moody algebra sl(k) 1 is derived from the Heisenberg algebra h(Γ) via the Frenkel-Kac construction. The fact that the generalised chiral algebra is a Kac-Moody algebra in this case is a consequence of the McKay correspondence. The tangent weights are given by
for i = 0, 1, . . . , k − 1, and the refined black hole partition function is 27) where ξ m a = −k (m + a) . This is the spin character of the two-dimensional conformal field theory based on the affine Lie algebra h ⊕ sl(k) 1 ; for k = 2 it coincides with the partition function (4.26).
(2,2) field theory elliptic genus
We now consider microstates of quantum black holes that are enumerated by elliptic genera of two-dimensional superconformal field theories with (2, 2) worldsheet supersymmetry. Underlying all of our black hole partition functions is the elliptic genus of the D-brane moduli space M = M n,u (M) which counts supersymmetric bound states of D4-D2-D0 systems on a generic Calabi-Yau threefold. It is given by the partition function in the Ramond sector of a two-dimensional N = 2 superconformal sigma-model on the elliptic curve E with target manifold M. The equivariant elliptic genus is then defined as a trace over the Hilbert space H n,u (M) in the Ramond sector as
where (K 1 , K 2 ) are the generators of the abelian subgroup
; the extra fugacities t 1 , t 2 are inserted to further resolve degeneracies of states. The corresponding partition function is then given by the generating function for elliptic genera
where p =: e 2π i σ . In the non-equivariant case t 1 = t 2 = 1, the elliptic genus is the supersymmetric index given in terms of multiplicative characteristic classes associated to formal power series via Eq. (2.7) with X = M n,u (M), d = 2(n − n u ) and q = p; once again we can explicitly perform the sum over instanton charges in (4.29) in this instance using results from Sect. 2.3 and Eq. (2.19) to get 30) where χ(M; p, y) = m≥0,l κ(m, l) p m y l is the elliptic genus of M. The equivariant version of (4.30) follows by applying the localization theorem to the integration in (2.7). For p = 0 it reduces to the Hirzebruch χ y -genus via (2.8).
To apply the blow-up formulas in this case, we first compute the partition function (4.29) on M = C 2 using the localization formula to get [27, 33, 43 ]
Equivalently, by applying the localization formula to the spectral function representation (3.11) we have
(4.32)
Following [19, 13, 43] , we can sum this series explicitly by identifying this partition function with the generating function for orbifold equivariant elliptic genera of symmetric products given by
The localization formula applied to (2.7) with X = C 2 and q = p yields 
Let us work out the corresponding free energy. For this, we define integers κ(l, m, k 1 , k 2 ) ∈ Z by the expansion
Since the left-hand side of (4.35) is invariant under the changes of variables t 1 ↔ t 2 and
2 , these integers have the symmetry properties
where κ(n, m, j) := κ(n, m, k 1 − k 2 , 0) in the expansion (4.35) with t 1 = t −1 2 = t. The elliptic genera (4.37) and (4.40) can be described in terms of a set of Kerov's symmetric functions [37] . Using the Cauchy identity for Kerov's functions in the Hall-Littlewood case and Ruelle-type spectral functions, one can obtain the corresponding spectral partition functions in their final form analogously to our M-theory partition functions. Similar calculations exist in the literature for the matrix elements of the currents of the quantum affine algebra U q ( sl (2)) (see e.g. [38] ). The derivations and resulting formulas are somewhat cumbersome to describe and lie outside the scope of the present paper; we plan to address this problem elsewhere.
As we show in Appendix B, the elliptic genus can be continued to an entire function without essential singularities. It would be interesting to understand its relation to the elliptic genus of the (4, 0) superconformal field theory in the M-theory frame. This presumably entails constructing partition functions which depend on moduli which measure fluctuations of the D4-brane around the divisor class of its worldvolume M in X, and similarly for the D2-branes; in this region of the moduli space one must study the full nonlinear Dirac-Born-Infeld theory as the worldvolume effective theory, and the connected components of the D-brane moduli space are expected to be singular fibrations over the Hilbert schemes M [n] . Then one should find a sequence of duality transformations to a particular chamber of the moduli space where the D4-brane decays into a D6 brane-antibrane pair, with the D6-brane worldvolume theory governed by a suitable refinement or categorification of Donaldson-Thomas theory (or equivalently topological string theory) as in [1] ; via this chain of dualities the AdS 2 × S 2 × X near horizon geometry is related to Type IIA string theory on X with a D6 brane-antibrane pair, where the M-theory lift of the D6-brane is a Taub-NUT geometry.
Note that such walls of marginal stability can in principal arise by computing degeneracies from Fourier coefficients of the elliptic genus as in Eq. (3.7) ; the moduli dependence is due to the moduli dependence of the Fourier integration contours and the pole structure of the partition functions described in Appendix B. Moving around the moduli space corresponds to deforming the contour and crossing a wall in the moduli space corresponds to crossing a pole of the partition function. The jump in the degeneracy upon crossing a wall from one domain to another is given by the residue at the pole which is crossed, as computed in Appendix B. It would be interesting to see if the equivariant deformation of the elliptic genera computed here could be used in this way to reproduce our M-theory partition functions by analysing the pole structures in the deformation parameters (t 1 , t 2 ).
Conclusions
In this paper we discussed various applications of affine Lie algebra representations, Hilbert schemes, elliptic genera and their generalizations to the computation of M-theory and Dbrane quantum partition functions for microscopic black hole ensembles. A central concept in all examples considered in this paper is that of elliptic genera. The notion of elliptic genus was introduced in [48] with applications to quantum field theory in [55] . It has been argued that it is possible to use elliptic modular forms to write generating functions of quantum field theory as infinite series of operators associated with homologies of finitedimensional Lie algebras. The elliptic genus can be interpreted as a natural invariant in a generalized cohomology theory, called elliptic cohomology [40, 41] , which can be regarded as a extension of K-theory. From this point of view these partition functions might be related to elliptic cohomology and K-theory. All examples considered in this paper point towards this conjectural link. We have shown that elliptic genera, in the context of black hole partition functions, can be converted into products of spectral functions associated with q-series which inherit the (co)homology properties of appropriate (poly)graded Lie algebras. This common feature, that quantum generating functions can be reproduced in terms of spectral functions, encodes the connection with infinite-dimensional Lie algebras and their homologies, together with the remarkable link to hyperbolic geometry.
the Patterson-Selberg spectral function Z G γ (s) which can be attached to the hyperbolic three-manifold H 3 /G γ (with acyclic orthogonal representation of π 1 (H 3 /G γ )) has the form
1 − e i b (k 1 −k 2 ) e −a (k 1 +k 2 +s) .
(A.
2)
The zeroes of Z G γ (s) are precisely the set of complex numbers
with n ∈ Z. The magnitude of the zeta-function is bounded for both Re s ≥ 0 and Re s ≤ 0, and its growth can be estimated as for suitable constants ℓ, C 1 , C 2 . The first product on the right-hand side of (A.3) gives the exponential growth, while the second product is bounded. The spectral function Z G γ (s) is an entire function of order three and of finite type which can be written as a Hadamard product [50] Z G γ (s) = e where q := e 2π i τ , ̺(τ ) = Re τ /Im τ , µ ∈ R, m ≥ 1 and ε ∈ C. For ν ∈ C, we can use the Ruelle functions R(s) to naturally write more general infinite product identities: B Singularities and poles of elliptic genera ̺(τ ) ) .
An easy way of calculating the residue at y = q m+v is to replace v → v − 1, m → −m to get Hence we can construct an entire function which has no essential singularities in the complex plane (except possibly at infinity). Similar pole structures are contained in the explicit formulas for all elliptic genera of Sects. 2.1, 3.4, 4.5 and 4.6. In these examples one can use a subtraction procedure to remove singularities, some elements of which have been presented here.
